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Non-zero leptonic CP phases in the neutrino sector are clear evidence for physics
beyond the Standard Model and have many implications in particle physics and cos-
mology. Some clues to maximal Dirac CP violation δCP = 3pi/2 are reviewed. An
approach to connect the Dirac CP violation phase and the neutrino mass hierar-
chy in terms of the measurement of CP asymmetry is proposed. Under appropriate
requirements for baseline distance and beam energy, the problem of neutrino mass
hierarchy can be revealed at maximal Dirac CP violation. General allowed param-
eter spaces are investigated, within which the two unknown neutrino issues, mass
hierarchy and Dirac CP violation, can be solved simultaneously. The abilities of
addressing the mass hierarchy of current long baseline neutrino experiments are also
discussed.
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In the past several decades, substantial progress has been made in the field of neutrino
physics. Three-flavor neutrino oscillations have been confirmed from atmosphere, solar,
reactor, accelerator and other neutrino experiments. Including non-zero θ13, all mixing
angles have also been measured precisely [1]. However, there are still some unsolved problems
in the neutrino sector such as the mass hierarchy, leptonic CP violation (CPV), and Dirac/
Majorana fermions. These principal issues closely relate to the nature of neutrinos and also
play important roles in particle physics and cosmology [2]. A paper [3] has shown that CPV
in neutrino mixing is a necessary source of the generation of the baryon asymmetry of the
Universe in popular leptogenesis scenarios. In addition, non-zero CPV must be a clear signal
to guide new physics beyond the Standard Model. Due to the more interesting implications
and roles in phenomenology, Dirac CVP often garners greater attention. It exists for both
Dirac neutrinos and Majorana fermions. Inspired by its similar form as CKM in the quark
sector, it is also a bridge to establishing the relation between CPV in CKM and in the
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2PMNS matrix. Although Dirac CPV is essentially unknown, we still have some clues and
hints from global fits of neutrino experiment data and flavor physics.
The updated neutrino oscillation data have been fitted for the CP phase by νe appear-
ance data from long-baseline experiments in combination with precise θ13 to improve the
sensitivity to δCP [4–7]. The fit results show a maximal Dirac CPV, i.e., the center value
of 3pi/2 for both NH and IN. The maximal CPV was first reported by the NOνA neutrino
oscillation experiment [8]. T2K also declared δCP = −pi/2 as the first hint [9]. On the other
hand, flavor symmetry also predicts a maximal value of the phase such as A4 [10, 11]. In
the paper, we will focus on its indication in the neutrino mass hierarchy problem, especially
at its most likely value: 3pi/2. The effect of leptonic CPV can be enhanced in neutrino
oscillations with matter effects [12]. When a neutrino travels through Earth matter, the
asymmetric contributions to neutrino oscillations and anti-neutrino oscillations can break
the asymmetry AµeCP into two bands for a normal hierarchy (NH) and for an inverted hier-
archy (IH). Due to the suppressed deviation at maximal Dirac CPV, the error bands of NH
and IH decrease to form a gap. At the range of the gap between NH and IH, the neutrino
mass hierarchy problem can be addressed. The two principal issues concerning the nature of
neutrinos, leptonic CPV and mass hierarchy, are connected. After a short review of neutrino
mixing, we will focus on the neutrino CP violation observable, the asymmetry ACP , which
helps to address the mass hierarchy problem. The ability of current long-baseline neutrino
experiments to address the neutrino mass hierarchy is also investigated. The optimized neu-
trino detector performance, detector distance L and energy will be presented. As the main
result, the parameter space for detecting distance and neutrino energy is given.
The relation between the weak gauge eigenstates να (α = e, µ, τ) and the mass eigenstates
νi (i = 1, 2, 3) can be expressed by a unitary rotation
|να〉 =
3∑
i=1
U∗αi|νi〉 (1)
with the 3× 3 PMNS matrix U
U =
1 0 00 c23 s23
0 −s23 c23

 c13 0 s13e
−iδ
0 1 0
−s13eiδ 0 c13

 c12 s12 0−s12 c12 0
0 0 1
 diag(eiα12 , eiα22 , 1).
=
 c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
 diag(eiα12 , eiα22 , 1).
The oscillation probability from flavor να to flavor νβ at a distance of L with energy E is
P (να → νβ) =
∣∣∣∑
i
U∗αiUβie
−im2iL/(2E)
∣∣∣2
3After expanding the above expression in terms of the small parameter α = ∆m221/∆m
2
31, the
CPV effect appears at the next-leading-order term and only contributes slightly. A more
convenient observable is an asymmetry between νµ − νe oscillations and ν¯µ − ν¯e oscillations
AµeCP = P (νµ → νe)− P (ν¯µ − ν¯e)
= −JCP
{
sin(
∆m221L
2E
) + sin(
∆m232L
2E
) + sin(
∆m213L
2E
)
}
with
JCP =
1
8
cos θ13 sin 2θ12 sin 2θ23 sin 2θ13 sin δCP .
Due to the dependence on not only the absolute value of ∆m213 but also its sign, A
µe
CP
provides a way to address the neutrino mass hierarchy problem. Using the error transfer
formula, the errors from the mixing angles, squared-mass difference, CP phase, and energy
generate error bands for AµeCP . If there is a gap of A
µe
CP between NH and IH, the neutrino mass
hierarchy will be determined. An excitation gap appears in neutrino oscillations with matter
effects. When a neutrino travels through the Earth, the electrons in matter will interact
with the neutrino. Due of a lack of anti-matter interactions, asymmetric contributions from
neutrino oscillations from anti-neutrino oscillations cause a separation of ACP for NH and
IH [12]. The oscillation probability up to second order in the small parameters α and s213 is
approximated as
Pm(νµ → νe) = s223
sin2(2θ13)
(A− 1)2 sin
2[(A− 1)∆]
− 8α
A(1− A)JCP
{
sin(∆)− cos(∆)
}
sin(A∆) sin[∆(1− A)]
+α2 cosθ23
sin2(2θ12)
A2
sin2(A∆)
where A =
√
22GFNeE/∆m
2
31 with the electron number density of the EarthNe (for antineu-
trino oscillations, the probability can be obtained by changing A→ −A and δCP → −δCP ).
In contrast to vacuum oscillations, the asymmetry AµeCP with matter effects depends on not
only the ratio of E/L but also the distance or the neutrino energy itself. Fig.1 shows that
a gap appears with increasing source-detector distance L due to the accumulation of asym-
metric contributions from interactions with Earth matter. More precisely, the gap can be
described by the number of statistical deviations λ, defined as
λ =
∣∣∣AµeCP |NH − AµeCP |IH∣∣∣
δ(AµeCP )|NH + δ(AµeCP )|IH
. (2)
The gap that appears corresponds to λ = 1, i.e., NH and IH can be divided as 1σ C.L..
A general parameter space of E and L is shown in Fig.2. An extra requirement in the
determination of Dirac CPV has been included. Experiments have hinted at δCP = 3pi/2 as
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FIG. 1: A gap of ACP for NH and IH with different lengths of baselines in 2σ C.L.. The
purple area is the overlay area from NH and IH. The best fit values of the mixing angles
and squared-mass difference can be found in [5].
a typical valve and have shown a large standard deviation simultaneously. A minimal limit
of this standard deviation of less than pi/4 is recommended [13], which corresponds to 95%
C.L. on a half cycle. In the overlapping areas in Fig.2, long-baseline neutrino oscillation ex-
periment can determine the most likely Dirac CPV and address the mass hierarchy problem
simultaneously. The minimal distance of the baseline is approximately 937 km (2400 km) in
2σ (5σ) C.L. corresponding to a minimal beam energy of approximately 1.8GeV (13.3GeV ).
When ignoring the statistical requirement of the standard deviation of δCP or for a measured
Dirac CPV, the minimal L is 613 km (1437 km) in 2σ (5σ) C.L. corresponding to a minimal
E of approximately 1.2GeV (7.9GeV ).
Some long-baseline neutrino oscillation experiments have been run or planned to address
the leptonic CVP and/or neutrino mass hierarchy problem. Tab. I lists the λ values of some
5FIG. 2: The parameter space in the plane of E-L. The yellow area (the green area)
indicates the separation of NH and IH in 2σ (5σ) C.L.. The purple area is allowed by the
requirement of the standard deviation of Dirac CPV being less than pi/4.
long-baseline neutrino oscillation experiments at δCP = 3pi/2 and the range of Dirac CPV
corresponding to 1σ C.L. Here, the actual energy distinguishability has been considered in
exp. λ|δCP=3pi/2 δCP range for λ > 1
MINOS 1.7 [0.46, 0.54]pi,[1.46, 1.54]pi
NOνA 2.6 [0.45, 0.55]pi,[1.45, 1.55]pi
DUNE 3.5 [0.41, 0.59]pi,[1.41, 1.59]pi
TABLE I: λ values of current long-baseline neutrino oscillation experiments
the table, which tends to increase the error in the denominator of Eq. 2 and suppress λ.
Due to the sensitive energy error in high-energy neutrino beams, the suppressing effect on
λ will become more notable for high energy ranges. This will be an effective method for
enhancing the confidence level by improving the energy resolution of detectors. The data in
Tab.I show that only a narrow window is open at maximal Dirac CPV. The reason comes
from the error of the Dirac CPV. Only at the point of maximal CPV does the contribution
from the energy resolution vanish. When considering Dirac CPV and taking the minimal
distinguishable error, δ[δCP ] = pi/4, a relatively large error dominates the error band of ACP .
Thus, the window rapidly closes at a range slightly away from δCP = 3pi/2.
In conclusion, the asymmetric contributions to AµeCP between NH and IH are enhanced
when neutrinos travel through Earth matter. Analyzing the role of Dirac CPV can open
a window to provide insight into the neutrino mass hierarchy problem at maximum δCP .
A connection between two unknown essential issues characterizing the nature of neutrinos,
Dirac CPV and mass hierarchy, has been established. The minimal requirements on de-
6tecting distance and energy are L > 613 km and E > 1.2 GeV in 2σ C.L. (without the
distinguishability requirement).
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